In this paper, we study the HIV infection model based on fractional derivative with particular focus on the degree of T-cell depletion that can be caused by viral cytopathicity. The arbitrary order of the fractional derivatives gives an additional degree of freedom to fit more realistic levels of CD4 + cell depletion seen in many AIDS patients. We propose an implicit numerical scheme for the fractional-order HIV model using a finite difference approximation of the Caputo derivative. The fractional system has two equilibrium points, namely the uninfected equilibrium point and the infected equilibrium point. We investigate the stability of both equilibrium points. Further we examine the dynamical behavior of the system by finding a bifurcation point based on the viral death rate and the number of new virions produced by infected CD4 + T-cells to investigate the influence of the fractional derivative on the HIV dynamics. Finally numerical simulations are carried out to illustrate the analytical results.
Introduction
According to WHO there were approximately  million people at the end of  living with HIV with . million people becoming newly infected in  globally with HIV. HIV belongs to the family of lentiviruses, which means being acting slowly. Lentiviruses cause diseases that progress over a long period disturbing the immune system in humans. HIV produces virus particles by converting viral RNA into DNA in the cell and then making many RNA copies. The transformation is completed with an enzyme named reverse transcriptase. The change from RNA to DNA and back to RNA is substantial and makes fighting against HIV challenging. There is a chance of the virus mutating and there being errors each time when it happens. These copies or virus particles destroy the cell after formation and infecting other cells. Although HIV attacks many different cells, it inflicts the most disorder on the CD + T-cells, the main target of CD + T-cells is to form the body's overall immune response to external infections. HIV provides the basis to grow acquired immune deficiency syndrome (AIDS). For a person infected from HIV it can take - years to develop AIDS. On the medical frontier there have been many advances, but still there is no effective cure or vaccine available for HIV. Since the early s, many mathematical models have been developed to better understand the interaction of HIV and the human immune system for the purpose of testing treatment strate- 
Generalized HIV model
The Riemann-Liouville fractional integral I α u of order α >  of u : R + → R is defined by
provided the expression on right hand side is defined. Here denotes the Gamma func-
In particular, when  < α < , we have
We Interaction between these cells is given by the following system: 
Construction of implicit numerical scheme
In this section, we introduce an implicit numerical scheme using a finite difference approximation of the Caputo derivative. In this paper, we implement the L-scheme to approximate the Caputo fractional derivative, which was independently developed and analyzed in [] and [] . The L-scheme is based on a piecewise linear approximation to the fractional derivative. We are in favor of the L-scheme, because this scheme is derived easily and the coefficients of this scheme have good properties e.g. the representation of the coefficients is simple. The L-scheme has been extensively used in practice and currently it is one of the most efficient numerical methods for solving the time fractional differential equations due to its ease of implementation.
To discretize D α f (t) based on the L-scheme, first we defined the temporal size τ and t n means nτ . Therefore we discretize the Caputo derivative by a finite difference method,
where
Algorithm 1 A modified Jacobi matrix on Newton iteration method 1:
if det(J(x k )) < ε, %ε is a sufficiently small positive number
6:
J(x k ) := Nd · (J(x k ) + I), %I is an identity matrix 7: else 8:
end if then by [], we have, for n = , , . . . , N ,
for some C > . The implicit numerical scheme for fractional-order system () with finite difference approximation of the Caputo derivative is
that is,
In order to solve the above nonlinear equations, we choose the Newton iteration method
the initial values are given by
. Furthermore, to ensure the convergence of the Newton iteration method and avoid the Jacobian matrix J(x k ) to be nonsingular, we improve the above method by the Algorithm .
Dynamical behavior of generalized HIV model
In this section we will analyze the dynamics of the generalized HIV model and examine the effect of the fractional order on the HIV dynamics. For this we find the equilibrium points of () by solving the following system:
We find that system () has two equilibrium points: the uninfected equilibrium points 
) is asymptotically stable if and only if
Proof The Jacobian matrix J  evaluated at E α  for the system () is given by
since substituting the value of T  , we get a = p  + sγ > . Dividing the characteristic equation by (λ + a) , we obtain
Using the definition of μ α crit , we have
Eigenvalues have a negative real part if and only if the following conditions of the RouthHurwitz criteria are satisfied:
Here A  is positive, being a sum of positive terms, 
the uninfected equilibrium point E  is stable and the infected equilibrium point E The Jacobian matrix J  evaluated at E α  for the system () is given by
where σ = -p + γ T + γ T + k  V . The characteristic equation associated to the Jacobian matrix is given by
with
By the Routh-Hurwitz criteria for the stability of fractional-order systems [], we have the following result for the stability of infected equilibrium.
Theorem . The infected equilibrium point E
for all α ∈ (, ].
Numerical simulations
In this section, numerical simulations are provided to verify the theoretical results established in the previous sections. In the following we will monitor the effect of varying viral death rate and varying number of new virions produced by infected CD + T-cells on the dynamical behavior of the fractional model, respectively. The parameters are chosen as in Table  , unless otherwise stated. Uninfected equilibria for different fractional orders are as follows: Table 1 with initial condition (1,000, 0, 0, 0.001).
Conclusion
In this paper, we have investigated a fractional-order HIV model, as a generalization of an integer-order model. The advantage of the generalized model is that the fractional-order system possesses memory, which belongs to the main features of the immune response. An implicit numerical scheme has been proposed for the fractional-order HIV model using a finite difference approximation of the Caputo derivative. We showed that the system possesses two equilibrium points and derived the analytical condition for the stability of uninfected and infected equilibrium points. Further we analyzed the influence of the fractional derivative on the dynamics of system. In many AIDS patients the T-cell level can be depleted < mm - level, on the other hand an integer-order model cannot model this fact using the parameter values in Table  . However, with the additional degree of freedom of the fractional derivative we can obtain the low CD + cell counts seen during the late stages of the disease; see Figure  . We established that μ We found that the virus can be eliminated if N is less than N α crit , that is, HIV infection will not be sustained if infected cells die without producing an adequate number of viral progeny as demonstrated in Figure  . Mathematical models can help physicians to choose an optimal dosage and check the effects of their therapeutic action. HIV progression has many variations from patient to patient, which is difficult to capture by an integer-order derivative. The fractional derivative can be varied to best fit the real data according to the progression of different HIV patients. Thus a more reliable model can be obtained by choosing the relevant fractional index according to real data. Consequently, the clinician can recommend administration of drugs or treatment to each individual patient by using the information from the generalized model with the most relevant fractional index.
